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Abstract

Following Bachmuth [1], we call an automorphism on group G an IA-automorphism if and only if it
preserves all cosets of G′. Ghumde and Ghate [4] have been obtained the lower and upper bounds on
the number of IA-automorphisms of a fnitely generated group. Also, Ghumde and Ghate [3] in 2015
introduced the IA-central subgroup S(G) and Ivar(G) group. In this paper, we derive an upper bound for
IA(G) in terms of G/S(G) order.
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1 Introduction

Let G be a group. Let us denote by Z(G), G′, Hom(G, H), Aut(G) and Inn(G), respectively the centre, the
commutator subgroup, the group of homomorphisms of G into an abelian group H, the full automorphism
group and the inner automorphisms.

On the lines of results of Schur [6] and Hegarty [5], Ghumde and Ghate [3] in 2015 introduced the S(G)
subgroup as follows:

S(G) =
{
g ∈ G | g−1α(g) = [g, α] = 1, α ∈ IA(G)

}
.

They showed that for a finite p-group G, S(G) is non-trivial. Afterward, they introduced Ivar(G) subgroup
as follows:

Ivar(G) =
{
α ∈ IA(G) | g−1α(g) ∈ S(G), ∀g ∈ G

}
.

The purpose of this article is to derive upper bounds for |IA(G)| in terms of |G/S(G)|.

2 Main results

In this section, we state our main theorem and prove it.

Theorem 2.1 (Main theorem). Let G be an arbitrary group and |G/S(G)| = n, then

|IA(G)| ≤ n!× n(n−1)2 .
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Before proving the theorem, we need the following lemma and theorem.

Lemma 2.2 (Lemma 1.2[5]). Let G be any group and N ⊆ Z(G) a subgroup of G such that [G : N ] is finite.
Let

G = Ng1 ∪Ng2 ∪ · · · ∪Ngk

be a complete set of cosets of N in G. Consider a fixed set of coset representatives {g1 = 1, g2, . . . , gk}. For
each ordered pair (i, j) ∈ {1, . . . , k} × {1, . . . , k}. Define the element nij of N as follows:

nij = gigjg
−1
l ,

where Ngigj = Ngl. Let ϕ be an automorphism of N leaving every nij fixed, then ϕ can be extended to an
automorphism of G.

Theorem 2.3 (Kulikov theorem[2]). Let G be an infinite abelian group which is not torsion-free, then G
has a direct summand of the form Cpk , 1 ≤ k ≤ ∞ for some prime p.

Proof of main theorem. IA(G) act on G/S(G) as following

f :
G

S(G)
× IA(G) −→ G

S(G)

(gS(G), α) 7−→ gαS(G) = α(g)S(G),

whose kernel is as follows

N =
{
α ∈ IA(G)

∣∣ f(gS(G), α
)

= gS(G), ∀ g ∈ G
}
,

=
{
α ∈ IA(G)

∣∣ gαS(G) = gS(G), ∀ g ∈ G
}
,

=
{
α ∈ IA(G)

∣∣ g−1gα ∈ S(G), ∀ g ∈ G
}
,

= Ivar(G).

From the proof of theorem 3.10 [3], IA(G)/Ivar(G) is isomorphic to a subgroup of permutation group Sn,
so we have

|IA(G)| ≤ n!|Ivar(G)|. (1)

Again, from the proof of theorem 3.10 [3], there exists a monomorphism between elements α of Ivar(G) and
elements α∗ of Hom(G/S(G),S(G)) as follows:

σ : Ivar(G) −→ Hom
( G

S(G)
, S(G)

)
α ↪→ α∗

where

α∗ :
G

S(G)
−→ S(G)

gS(G) 7−→ g−1α(g), ∀ g ∈ G.

We define

S0 =
〈
α∗
( G

S(G)

) ∣∣∣ α ∈ Ivar(G)
〉
.

Because G/S(G) is finite, so is Ivar(G) by the proof of theorem 3.10 [3], therefore S0 6 S(G) is finite too.
By Kulikov’s theorem, S0 can be embedded in a torsion direct summand of S(G). Let S be any such direct
summand. By Lemma 2.2, S is finite and

d(S) ≤ n2 − 2n+ 1 = (n− 1)2
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(using the notation of Lemma 2.2, ni1 = n1i = 1, 1 ≤ i ≤ n, since g1 = 1). Then every α∗ is in
Hom(G/S(G),S), for every α ∈ Ivar(G). Now, suppose that∣∣∣ G

S(G)

∣∣∣ = n = pa11 p
a2
2 · · · p

ak
k . (2)

Hence using the fundamental theorem of finitely generated abelian groups, we have

G/S(G)(
G/S(G)

)′ ∼= C
p
b1
1

× C
p
b2
2

· · ·C
p
bk
k

, ∀ 1 ≤ i ≤ k : 0 ≤ bi ≤ ai. (3)

On the other hands, without loss of generality, |S| is divisible only by primes among the set {p1, p2, . . . , pk}.
Since S is finite and abelian, by the fundamental theorem of finitely generated abelian groups, we have

S ∼=
k∏
i=1

(n−1)2∏
j=1

C
p
ci
j

i

, (4)

such that

∀ 1 ≤ i ≤ k, 1 ≤ j ≤ (n− 1)2 : cij ∈ N ∪ {0}.

Since for any group G and an abelian group A, Hom(G,A) ∼= Hom(G/G′, A), thus by (2), (3) and (4), we
have

|Ivar(G)| =
∣∣∣Hom( G

S(G)
, S
)∣∣∣

=
∣∣∣Hom( G/S(G)(

G/S(G)
)′ , S)∣∣∣

=
∣∣∣Hom( k∏

i=1

C
p
bi
i

,
k∏
i=1

(n−1)2∏
j=1

C
p
ci
j

i

)∣∣∣
=

k∏
i=1

(n−1)2∏
j=1

p
min(bi,c

i
j)

i

≤
k∏
i=1

(n−1)2∏
j=1

paii

= n(n−1)
2
. (5)

Now, by (1) and (5) we have

|IA(G)| ≤ n!× n(n−1)2 .
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