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Abstract
Let G be a finite group. The normality degree is given by P,4(G) = ‘{(x’y)eGXGI%"‘?SG’W’Z’EG}‘ and

the normal graph I'¢(V, E) = T'y is defined by the set of all vertices of E(T'y) = {{z,y} | (z,y) <G}. In
this paper, we establish some properties of the normal graph defined by group Ds,, and study the relation
between I'y and P,4(G).
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1 Introduction

Let G be a finite group. Computing or study the probability satisfies condition between two elements in a
group is the important application of computational group theory. Erfanian in 2013 with outhers introduced
some of the probability in finite groups, one of those probability to compute the probability that a randomly
chosen pair of elements of G generate a normal subgroup in group is define by:

€ G x Gl(z,y) 4 G,Vz,y € G}|
G2

In this paper, we will study and compute the number normality degree elements of the dihedral group
Do, = {a,b | a® = b> = e,bab = a~') and Dicyclic group Ty, = (a,b | a®" = b* = e,a" = b?,bab™! = a~1).
We denoted that P,4(G), Ng(x), Sub(G) and N(G) the number of normalitiy degree, normalizer of element,
subgroups and normal subgroups.

The conjugate element of group G is define for any two elements g and h are conjugate if there exist
element ¢ € G such that tgt~! = h and denoted by cl(g) for the set of all elements are conjugate to g, we
can say the subgroup H and K are conjugate if conjugate if there exist element ¢t € G such that tHt~! = K.
Recall that the order of group |G| = |cl(g)||Cq(h)|, the Cg(h) is centralizer of element g.

The Dihedral group Da, id presented by Da, = (a,bla™ = b?> = e, bab = a~') of order 2n and generated
by two elements a, b, where a of order n and b of order 2. So the dicyclic group of order 4n again generated
by two elements and presented by Ty, = (a,bla®” = b%> = e,bab™! = a™1).

Cavior in ([2], 1975) and Calhoun ([1], 1987) computed the number of subgroups of the Dihedral group
Do, which is equal to 7(n) + o(n) and presented by :
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1. A subgroups (a?) for all 4 | n;

2. A subgroups (a’,a’b) for all i |n and 1 < j <.

ans Shelash and Ashrafi [4, 5], computed the number of subgroups and presented the structure of
subgroups of Dicyclic group Tys,.

1. A subgroups (a’) for all i | 2n;

2. A subgroups (a’,a’b) for all i | n and 1 < j <.

where 7(n) is the number of divisors of n and o(n) is the sum of divisors of n. And the structure normal
subgroups are define by :

Theorem 1.1. The following are held:

1. If G 2 Do, then the normal of subgroups are:

1.1. A normal subgroups {a*) for all i | n;

2.2. A normal subgroups {a',a’b) for all i =1,2 and 1 < j <.
2. If G =2 Ty, then the normal of subgroups are:

2.1. A normal subgroups (a') for all i | 2n;
2.2. A normal subgroups (a',a’b) for alli=1,2 and 1 < j <.

In this paper, we consider a simple graph which is undirected, with no loops or multiple edges. Let I'
be a graph. We will denote by V(T') and E(T'), the set of vertices and edges of T', respectively. The degree
of a vertex v € V(I') is denoted by deg(v), and it well-known that deg(v) = |N(v)|. The degree sequence of
a graph with vertices vy, - ,v, is d = (deg(v1),--- ,deg(vy)). Every graph with the degree sequence d is a
realization of d. A degree sequence is unigraphic if all its realizations are isomorphic. We can present it by

ni n9 e n . T
d(l') = , where n; are degree vertices and u(n;) are multiplicities. The order of
= (o) sty - s ¢are dog ()

the largest clique in T is its clique number and we denoted by CN(T') In the group theory,

2 Main Results

In this section we will present a new parameters about some of finite groups to study the relationship
between those parametrise.

Definition 2.1. Let GG be a finite group, the Normality degree of the group G is define by

H(z,y) € G x G|(z,y) <G, Vz,y € G}|

Prn(G) = |G|2

where (x,y) is a normal subgroup of G and we denoted by P,,(G).

The value P,,(G) is 0 < P, (G) < 1, we recall that for a finite group G we have P,,,(G) = 1 if and only
if G is an abelain group.

For any element in finite group have a normalizer is define by Ng(z) = {y € G|(z,y) € G x G|[{z,y) IG}
is called the set of elements in G that vote in favor of elements normality is called the normalizer of x in G
and denoted Ng(x).

In general, the normalizer Ng(z) of elements is not necessary a subgroup of G. For example, let G = Dg,
we can see the Ng((1,2)) = {(1,3),(2,3),(1,2,3),(1,3,2)} is not a subgroup in D.

Now we may define the subgroup

Ng(G) = NyzegNa(x)
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Theorem 2.2. Let G be a finite group, the Normality degree of the group G is given by:
> vacc |1 Na(9)|
Prn G) = =Eee e
(G) G
Corollary 2.3. Let G be abelain group, then P.,(G) = 1.
Corollary 2.4. Let G be a finite group, then
vecl(g) ING
Pon(G) = > ae Z(g)\ (9)l
Ca(9)IG|
Theorem 2.5. If G and H are groups, then Pop,(G x H) = Py (G) x Prp(H)
Proof. 1t is clear that G x H = {(g,h) : g € G&h € H},
{(g1h1, g2h2) € G* x H? (g1h1, gah2) <G x H}
P,o,(GxH) =
(IG]1H1)?
we can take any element of gyhy € G x H to prove that (gihi, gohs) is a normal subgroup of G x H.
gehi(gihe, goho)hy gt = (grhrgrhahy gt gkhigahaly g )
= (g1h1, g2ho).
Thus,
{(g171, goha) € G* x H?, {g1h1, g2h2) QG x H}
P,.(GxH) =
(IG[|H])?
_ {(91,92) € G*(g1,92) € G x (h1,ha) x H?, (h1,hs) S H}
(1G] |H])?
{(91,92) € G*{g1,92) € G} o {(h1, ha) x H?, (h1,ho) < H}
G[? [H?
= P (G) x P (H).
O

Proposition 2.6. If H < G, then P.,(G) < P,(H).

Proof. Case 1. If G is a belain group, then by Corollary 2.3 P, (G) = P (H) for all H < G.

Case 2. Let G be a non-belain group, If H = {e}, then P,,(G) < P.,(H) is true. Otherwise |H| < |G|
for all subgroups of group G, and [{(z,y) € H x H,{(z,y) < H}| < |{(z,y) € G x G, (z,y) < G}|, thus

P (G) < P, (H).

O

In the following lemma we will present some of important properties of normality degree parameter

P,,,(G) for some of finite group.
Lemma 2.7. The following are held:
1. Pp(Dg) = % s a largest value for smallest non-abelain group.

2. for n — inf, the P.,(Day,) = i
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Definition 2.8. Let G be a finite group and x any element in G, the normality degree of elements in group
G is define by:

1 if(z,y) G yed
n(@,y) = { 0 Otherwise

and entry in normalitiy degree of elements table is n(z, y)

’,7‘... y
x| (e, y)

Lemma 2.9. Let n be a positive integer number and G = C,, the normality degree elements table be
isomorphic to matriz of ones Jyxnp.

Theorem 2.10. Let n be an odd positive integer number, the normality degree elements table of the dihedral
group Da, is given by the following table:

77 o o aj e o o ajb
n(a, o) n(at, ab)
a'b n(aib, aj) n(aib, ajb)

the entries is define by:
1. n(a*,a?) =1 for all1 <i,j < n;

. 1 if ged(iyn) =1 .
7 J — < < .
2. n(a’,a’b) { 0 Otheriwse forall 1 <i,j < n;

3. n(aib,a’) = n(a’,alb);

. 1 if ged(j—i,n)=1 .
. 'h, a’b) = < <n.
4. n(a’b,a’b) { 0 Otherimse foralll1<i,j<n

Proof. For n(a’,a’) = 1 it is clear that for any (a’,a’) is normal subgroup of group Day,.
. N . e o 1 if ged(i,n)=1 .
voal — T ATk — ’

Since (a’,a’b) is normal when ¢ = 1 if n is an odd number, thus n(a’, a’b) { 0 Otheriwse is
true for any a’ have order n. So (a'b,a’b) is normal when gcd(i — j,n) = 1 this mean a’ba’b = a'~7 element
of order n, it easy to see that (a’b,a’b) is conjugate to (a,a’b)

0

Theorem 2.11. Let n be an even positive integer number, the normalitiy degree elements table of the
dihedral group Doy, is given by the following table:

n(a’,a) n(a’, a’b)

a'b n(a’b,a?) n(a’b, a’b)
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the entries is define by:
1. n(a*,a?) =1 for all1 <i,j < n;

o 1 if ged(i,n) =1 or 2 .

i, Th) — .
2. n(a',a’b) = { 0 Otheriwse foralll <i,j <mn;
3. n(aib7 aj) = n(aiv ajb);

. 1 if ged(j —i,n) =1 .
. 'h,a’b) = < <n.
4. n(a’b,a’b) { 0 Otheriwse foralll1<i,j<n

Theorem 2.12. Let n be a positive integer number, the normalitiy degree of the Dihedral group Ds,, is given
by the following:

1. If n is an odd number, then P, (Da,) = %i(”);

n+3(p(n)+o(2))

2. If n is an even number, then P,,(Ds,) = . .

In this section we will presented the normal graph which is defined by the set of all vertices are elements
group and for any two vertices z,y are adjacency if and only if (z,y) < G and we denoted by I'¢(IV)

Definition 2.13. Let G be a group. The normalizer of an element x of G, denoted Norg(z) defined by
Norg(z) = {yl(z,y) 2 G}.

Proposition 2.14. Let n = 2" [[;_p{"* be an integer number, the set of neighbourhood of vertices of normal
graph of group Dsy, are given by the following:

orn (ai) = J WV €D} piti (o(n) +¢(35)) .
1) N D2n( ) { {{a]}} pt‘i (n—(SO(n)iﬁ,O(%))) ;

2) Norp,, (a'd) :{ Ejilb} Ap, 1, Vs

Proposition 2.15. Let n = 2" [[{_, pj" be positive integer number. The sequence degree of vertices in
normal graph of the group Da, and Doy, x C, are given by the following:

1) If 2 t n, then:

g ) = (2600 2004 )

2) If 2 | n, then:

C(2em) +e(m) 21 _—
d(T'p,, (N)) = < n 2 o(n)+ o) n—(p(n)+ ‘P(Z)))

Corollary 2.16. The following are holds:

n)— 2 ~J
nBen) it Gap, otn

[E(Tq(N))| =

el 2o GDD - G py,2n

For example:
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G Dsg Dy

La(N)
d(T)
|[E(Ta(N))]

2.1 The relation between P,,.(G) and I'y(G).

We begin with the following Proposition.

Proposition 2.17. Let I'y be a simple and normal graph, The number of degree vertices deg(v) for any
v € V(I'y) when G = Doy, is given by the following:

1. if v = d', then deg(v) = |Ng(v)| — 1;
2. if v = a'b, then deg(v) = |Ng(v)|;

Proof. Let v = a' for 1 <14 < n be a vertex, It is clear that the Ng(v) = {u € G | {(v,u) <G} and deg(v)
represents the number of vertices from G which are adjacent to v. Since v € Ng(v), therefore |[Ng(v)| — 1
represents the number of vertices which are adjacent to v. Thus deg(v) = |[Ng(u)| — 1. If v = a’b it is clear
that a'b ¢ Ng(a'b). O

Theorem 2.18.
_2|E(n)|+n

eGxG 4G
Proof. In the first, the parameters normality degree is define by P, (G) = {(w,v) XG|2’ {w,v) 2 },

Let |G| = n, suppose that u; and u; are elements in G and clg(u;) where 1 < i < 7, we can used this
definition by

{(ui, u;) € G x G, (u;,u;) <G}

|G?
|ING(u1) U Ng(u2) U- -+ U Ng(up)]

G?
INg(u1)| + [Ng(u2)| + - + [Ng(un)|

|G?
|clg(u1)|[Ne(u1)| + |elg(u2)||[Na(u)| + - - - + |elg(ur)|[Ng (ur)|
|G?

Pnor (G) -

Zlgigr |clg(ui)|| Ne(ui)]
G
2[E(Cy)|
GI>
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Example 2.19. In this example we will present two cases to compute the normalitiy degree table and
normal graph.

Dg e a a*> b ab d?b Dg e a a® a> b ab a’b a’b
e 1 1 1 0 0 0 e 1 1 1 1 0 0 0 O
a 1 1 1 1 1 1 a 1 1 1 1 1 1 1 1
a® 1 1 1 1 1 1 a? 1 1 1 1 1 1 1 1
b 01 1 0 1 1 a3 11 1 1 1 1 1 1
ab 01 1 1 0 1 b 01 1 1 0 1 1 1
a’b 01 1 1 1 0 ab 01 1 1 1 0 1 1
ING(9)] |3 6 6 4 4 4 a |0 1 1 1 1 1 0 1
|deg(g)| 5 5 4 4 4 a |0 1 1 1 1 1 1 0
INg(g)] |4 8 8 8 6 6 6 6
|deg(g)| 7T 7 7 6 6 6 6

2

A | B

|ND6(6)| =3, ’NDG(Q)’ =0, ‘ND6(G’2)| =0, ’NDG(b)| =4, ’NDG(ab)| = and ‘NDG(a2b)‘ =4

ZVQGDG |ND6 (g)‘ 27 3

2E(FN(D6))+3 2443 3
For (Do) = 36 T 36 4
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