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Abstract

In this talk, after reviewing the concepts of continuous lifting of paths (homotopies), covering maps and
fundamental groups, first we mention a result on incomplete lifting for local homeomorphism. Second, we
prove some of the well-known properties of covering maps for local homeomorphisms. Also, we investigate
the influence of the fundamental group on incomplete lifting.
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1 Introduction

J. Brazas [1, Definition 3.1] generalized the concept of covering map by the phrase “A semicovering map is
a local homeomorphism with continuous lifting of paths and homotopies”. Note that a map p: Y — X has
continuous lifting of paths if p, : (pY'), — (pX),(,) defined by py(a) = poa is a homeomorphism for all
y € Y, where (pY), = {a:1=10,1] = Y|a(0) = y}. Also A map p:Y — X has continuous lifting of
homotopies if ¢, : (®Y), — (®X),(,) defined by ®,(¢) = po ¢ is a homeomorphism for all y € Y, where
elements of (®Y'), are endpoint preserving homotopies of paths starting at y. (see [2])

In this paper, all maps f : X — Y between topological spaces X and Y are continuous functions. We
recall that a continuous map p : X — X is called a local homeomorphism if for every point T € X there
exists an open neighborhood W of  such that p(W) C X is open and the restriction map p\W W — p(W)
is a homeomorphism. In this paper, we denote a local homeomorphism p : X5 X by (X p) and assume
that X is path connected and p is surjective.

Definition 1.1. ([4]). Let X and X be topological spaces and let p : X — X be _continuous. An open
set U in X is evenly covered by p if p~!(U) is a disjoint union of open sets S; in X, called sheets, with
pls, : Si = U a homeomorphism for every i.

Definition 1.2. ([4]). If X is a topological space, then an ordered pair ()Nf ,p) is a covering space of X if:
1. Xisa path connected topological space;

2. p: X > X is continuous;
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3. each z € X has an open neighborhood U = U, that is evenly covered by p.

For a topological space X, by a path in X we mean a continuous map « : [0;1] — X . The points
a(0) and «(1) are called the initial point and the terminal point of «, respectively. A loop « is a path
with «(0) = «(1). For a path a : [0;1] — X, o~ ! denotes a path such that a~1(t) = a(1 — t), for all
t € [0,1]. Denote [0,1] by I, two paths o, 3 : I — X with the same initial and terminal points are called

homotopic relative to end points if there exists a continuous map F': I x I — X such that

a(t) s=0
Fit.s) = B(t) s=1

a0) = B(0) =

a(l) = A1) =

Homotopy relative to end points is an equivalent relation and the homotopy class containing a path « is
denoted by [a]. For paths a, 8 : I — X with a(1) = 5(0), a * 8 denotes the concatenation of o and g that
is a path from I to X such that

a(2t) 0<t<1/2
B2t —1) 1/2<t<1.

(axB)(t) = {

The set of all homotopy classes of loops relative to the end point z in X under the binary operation
[a][8] = [a * (] forms a group and called the fundamental group of X denoted by 71 (X, z) (see[4]). The set
of all loops with initial point z in X called the loop space of X denoted by Q(X,z) (see [4]).

2 Main results

In this section, we obtained some conditions under which a local homeomorphism is a semicovering map.
First, we intend to show that if p : X — X is a local homeomorphism, X is Hausdorff and sequential
compact, then p is a semicovering map. In order to do this, we are going to study a local homeomorphism
with a path which has no lifting.

Lemma 2.1. Letp: X — X be a local homeomorphism, f be an arbitrary path in X and o € p*IA(f(O)) such
that there is no lifting of f starting at Zo. If Ay = {t € I |fljp4 has a lifting f; on [0,t] with f,(0) = 7o},
then Ay is open and connected. Moreover, there exists o € I such that Ay = [0, ).

Proof. Let 8 be an arbitrary element of A;. Since p is a local homeomorphism, there exists an open
neighborhood W at f3(3) such that p|y : W — p(W) is a homeomorphism. Since fg(3) € W, there exists
an € € I such that f[3, 8 + €] is a subset of p(W). We can define a map fg. as follows:

fs(t) teo0,4]

Toelt) = {p|W1<f<t>> telBB+d

Hence (0, 5 + €) is a subset of A¢ and so Ay is open.

Suppose t,s € A. Without loss of generality we can suppose that ¢ > s. By the definition of Ay, there
exists ft and so [0, t] is a subset of Ay. Also every point between s and ¢ belongs to Ay hence Ay is connected.
Since Ay is open connected and 0 € Ay, there exists a € I such that Ay = [0, ). O

Now, we prove the existence and uniqueness of a concept of a defective lifting.

Lemma 2.2. et p: X — X be a local homeomorphism with unique path lifting property, f be an arbitrary
path in X and 7o € p~(f(0)), such that there is no lifting of f starting at . Then, using notation of the
previous lemma, there exists a unique continuous map fo : Ay = [0,a) = X such that pof, = f|[0’a).
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Proof. First, we defined f, : A =10,a) — X by fal(s) = fs(s). The map f, is well define since if s; = s9,
then by unique path lifting property of p we have fs1 = fo ‘and so fsi(51) = fo,(52) hence fo(s1) = fa(s2).
The map f, is continuous since for any element s of A¢, fats is continuous at s and fers = fs on [0, s].
2 2
Thus there exists € > 0 such that fo|s—cste) = fots |(s—cste)- Hence fo is continuous at s. For uniqueness,
2
if there exists f, : [0,a) — X such that po fo = f|[p,), then by unique path lifting property of X we must
have f, = fa. O

Definition 2.3. By Lemmas 2.1 and 2.2, we called f. the incomplete lifting of f by p starting at .

Note that every compact metric space is sequential compact. In the following, we present two semicov-
ering maps on compact metric spaces.

Example 2.4. We show that p : S xSt — S1x St defined by (z,y) — (z"y™, x°y") is a semicovering map,
where m,n,s,t € N such that % # 5. Let exp(f) = e?™ then we can consider p as p(exp(a), exp(f)) =
(exp(na + mf3),exp(sa + tB)). As a notation put exp(y,n) = {exp(d) € S|y < 6 < n}. Suppose | =
Max{n,m,s,t} and U = (exp(a— g, a+ 3;)) x (exp(8 — 3, B+ 3;)) is an open neighborhood of an element
(exp(a),exp(B)) € S* x S*. It is clear that p|y : U — exp(n(a— )+ m(8— F),n(a+ 5)+m(B+ F)) x
exp(s(a — ;) +t(B8 — 3;),s(a + ) + (B + 3;)) is a homeomorphism. Note that

(m(oz—i—%)%—n(a—l—gl))—(m(a—%)—i—n(a— %)) < %(g—i-g)—i-?(g—i-g) <2
and s T T T s T t ™ m
(s(B+ 27) + (B + 27)) — (s(B— 27) +t(B - 27)) < 7(5 + 5) + Z(g + 5) < 2m.
Therefore, if p(exp(a1),exp(B1)) = p((exp(az), exp(52))), then
nay +mfi = naz +mp, SO n(ar = az) =m(f = f1) Since 2 # 2 we have a; = ag and 1 = (s
sy +tf1 = sag + 162 s(ar — ag) = t(B2 — f1) s '

Thus p is a local homeomorphism. Note that S' x S! is a compact metric space and so it is sequential
compact hence by Theorem 2.5 p is a semicovering map. It should be mentioned that every semicovering
of a path-connected, locally path-connected, semilocally simply connected space is a covering. Hence p is a
covering map. Note that finding an evenly covered neighborhood by p for an arbitrary element of S' x S*
does not seem to be an easy computational task.

Theorem 2.5. If)? 1s Hausdorff and sequential compact and p : X — X is a local homeomorphism, then
P 1S a Semicovering map.

Example 2.6. In Figure 1, the map p transfer every ci, j to ci directly for s € N and 1 < j < 4. Since the
domain of p is compact metric, it is a sequential compact space and using Theorem 2.5 we can conclude
that p is a semicovering map.

Clearly the composition of two local homeomorphisms is a local homeomorphism hence by Theorem 2.5
we have the following corollary.

Corollary 2.7. If p; : X, — X1 for i = 1,2 are local homeomorphisms and X, is Hausdorff and
sequential compact, then p1 o P2 is a semicovering map.

_ Chen and Wang [3, Theorem 1] showed that a closed local homeomorphism p from a Hausdorff space
X onto a connected space X is a covering map, when there exists at least one point ¢y € X such that
lp~1(z0)| = k, for some finite number k. In the following theorem, we extend this result for semicovering
map without finiteness condition on any fiber.

Theorem 2.8. Let p be a closed local homeomorphism from a Hausdorff space X onto a space X. Then p
1S @ Semicovering map.

Remark 2.9. Note that the local homeomorphism p : S* x S — S x §1 introduced in Example 2.4, is a
closed map since S* x S is Hausdorff and compact. Thus using Theorem 2.8 we can obtain another proof
to show that p is semicovering.
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Figure 1: A semicovering map of a sequential compact space
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